Exam 1 Solutions.

. We use the equation (f~1)(a) = m Note that f/(z) = 3z2¢* + 3. We also need to compute

f7(2). Since we can’t easily solve y = f(z) for x, we try to guess a value of z so that f(z) = 2;
after a little trial-and-error we see that f(0) = 2. Therefore,
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. We first take a logarithm of y = f(x):
(22 + 1) sin? a:) 9 , 1 3
Iny = In{———— ) =In(z"+1)+2Ilnsinz — - In(x’ + 2).
v o= () Jn(a® +2)
Then we take the derivative of both sides: % = x?_’il + QS‘EES;” 2(363 +2) Then substituting f(z) yields

f,(x):y,:<(x2—|—1)sin2az)< 2x +2cos:1:_ 322 )

a3+ 2 2241 sinz  2(z3+2)

. We'll use the substitution u = 1 + e3*, and so du = 3e3* dz. Also, if x =0 then v = 1 + ¢ = 2 and
if r=1In2then u=1+¢e3"2 =1+ 8=9. Therefore
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. We use logarithmic differentiation. Letting y = (sinz)@ Y, we have Iny = (22 + 1) In(sinz).
Differentiating both sides (using the chain rule) yields

(ln9 In 2).
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Multiply both sides by y to obtain % = (sin )@+ |2z In(sin x) + ( e

. Letting P(t) be the population ¢ years after Jan 01, 2000, the formula for exponential growth is
P(t) = P(0)e". Fill in the value P(0) = 5000, and solve for r using P(5) = 5500.

5500 1

57"

= fl —In(1.1

5500 = 5000¢ SIn(Zo0) = < In(L.1)

Then P(t) = 5000e™1-D/5 = 5000 - 1.1Y/°. Now set t = 20 to obtain the answer. P(20) =

500041 = 5000(1.1)%.

. Set u = Inz. Then du = 1dz, and the limits are In(1) = 0 and ln(el/ﬁ) = 1/y/2. The integral is
transformed to

1/\[ 1
/ ———du
0 V1 — u?
which we recognize immediately to be arcsin u|0 =7/4—0=mn/4
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As z — oo, both (Inz)? and 2 — oo, so this is indeterminate of form 2. Thus we apply I’'Hospital’s

Rule:

Inz)? 2Inzi 21
lim (Inz) = lim NTs = lim ne
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But both 2Inz and z — oo as x — oo, so this is still of indetereminate form 2. So we apply
I’Hospital’s Rule again:
2
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We use integration by parts, with u = x and dv = sin(2z). Then du = dz and v = %(21) Thus

/xsin(2x)da: _ C(;S(Qx) B / —002(29:) dp = % C(;S(QI‘) n sinf:c) e

Our goal is to do a u-substitution, with u = tanz. Thus, du = sec?(x)dx so we will leave one sec? z

to become the du, and convert the other sec? z into 1 + tan? z. So we have:
/tanloo zsect zdr = /tanloo z (14 tan? ) sec?(x)dz = /uloo(l + u?)du

We integrate, and then back substitute to get
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/ an T sec raxr = u +u du = 71 1 +7103 + = 101 + 103 —+

Since (z — 1) is a polynomial of degree 1, then we get the term A/(x — 1). Secondly, (x — 5) is a
polynomial of degree 1, with exponent 2, hence we get the terms B/(z — 5) and C/(x — 5)2. Finally,
(x? + 1) is an irreducible polynomial of degree 2, so we get the term (Dz + E)/(z? + 1). So, the
correct form of the partial fraction decomposition of f(x) is

A n B 4 C +D:E—|—E
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Let L = lim (tan(z))*. Taking logarithm to both sides of the equation, we get

z—0t

In(L) =1n <Ili>r61+(tan(x))x) = lim In((tan(z))*) = lim zln(tan(z)) = lim In (tan(x))

20+ 20+ a—0t  1/x

Since this is an indeterminate of the form —oo/oc0, by L’Hopital’s rule we get

i @) a?
In(L) = zliféi —1/z2 20+ sin(z) cos(x)

This is again an indeterminate of the form 0/0, by L'Hopital’s rule we get

—2z
In(L) = 1i =0.
n(L) 20+ cos?(x) — sin?(x)

Since In(L) = 0 we get L = 1.
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Lets calculate the integral using the partial fraction method. The right form for the partial fraction
decomposition of 10/(x — 3)(x? 4 1) is

10 A +Bx+C
(x—3)(z2+1) x-3 2241

Hence, 10 = A(2? + 1) + (Bz + C)(z — 3). Setting x = 3, we get 10 = 10A, this is, A = 1. Setting
x =0, we get 10 = 1(1) + C(—3), this is, C = —3. Setting z = 1, we get 10 = (1)(2) + (B — 3)(—2),
this is, B = —1. So

J o sl ot o= oot [ it [ et

Now, making the substitution w = x — 3 on the first integral, we get

1
/(37—3) = In(|z —3|) + C1.

For the second integral, let v = 2 4+ 1, du = 2zdx. Hence

Finally, for the third integral, we get

-3 1
/(x2_+_1)dx = —3/ md&? = —3 arCtan(l’) =+ C3

This shows,

10 1
/ (z — 3)(22 + 1)d$ = In(|z - 3[) - 51n(|x2 + 1|) — 3arctan(x) + C.

Since the argument of the integral is of the form v/z2 4 a?, we make the substitution z = 3 tan(d) =
dx = 3sec?(0)df (and remember to change the limits of integration), which yields,

3 /4
1 3 0
/ L sec ( )
0o Vaz+9 0 +/9tan?(
We factor the 9 out of the square root and then make the substitution 1 + tan? = sec? to get
/4

3 1 /4 3sec?( /4
d9: sec(6)df = In|sec(d) + tan e
/0 \/:W / 3 sec2 0 ©) | sec(9) ©)lo

where in the last equality, we applied the last formula from the ‘list of useful trigonometric formulas’
at the end of the exam. Evaluating, we get
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